Inspired by Lord Brouncker's discovery of his series for ln 2 by dissecting the region below the curve 1/x, Viggo Brun found a way to partition regions of the unit circle so that their areas correspond to terms of Leibniz's series for π/4. Brun's argument involved ad hoc methods which were difficult to find. We develop a method based on usual techniques in calculus to derive Brun's result and which applies generally to other related series.
Introduction
Archimedes [4, p. 233 ] discovered a method of subdividing a parabolic segment into infinitely many triangles, which allowed him to express the total area as a geometric series. He was thus able to determine the area of the parabolic segment. Since then, there has been much interest in expressing the area of interesting figures as a sum of infinitely many subdivided areas, not only to determine the area of the original figure, but also in order to discover a series expression for its area. For instance, Lord Brouncker [1] studied certain regions bounded by a hyperbola by decomposing the regions into rectangles. (One of Brouncker's decompositions was recently rediscovered and appears as a Proof Without Words in [5] .) This partition allowed Lord Brouncker to discover the series
where consecutive terms are paired so that each pair is a positive value representing the area of a rectangle. We may also try to proceed in reverse. That is, suppose we have an infinite series expression for a quantity known to be the area of a geometric figure. Can we partition the region so that the areas of the subdivisions correspond to terms of the series? Inspired by the work of Lord Brounker, Viggo Brun [2, 3] devoted considerable effort to finding a method of partitioning the unit circle into areas corresponding to the terms of Leibniz's series
where consecutive terms are paired as in Brounker's series so that each pair of terms has positive value. Using polar coordinates, Brun found that the sequence of functions In this article we describe a simple method of partitioning a region below a function using a power series of the function to arrive at an infinite series with terms that are the areas of the parts. We then apply this method to recover Brun's partition as well as discover a new partition of the quarter circle related to his.
A partition for e
We first demonstrate the method by showing how we may visualize the series for Euler's number e, e = ∞ n=0 1 n! .
We first need a region with area e. We will simply use the region bounded by the function f (x) = e x + 1 and the x-axis in the interval [0, 1], since
In addition, we consider the Taylor series of e x + 1 about x = 0. Denote the degree n Taylor polynomial by s n . Thus,
and so on. The graphs of these polynomials slice through our region, effecting an infinite partition. This is a consequence of the fact that the Taylor polynomials are all positive and increasing with n, for each x in the interval (0, 1]. Denoting the new areas a 0 , a 1 , a 2 , . . . as in Figure 2 , we have a 0 = 2 and, for n ≥ 1,
Observe that this method will work whenever we have a series representation for a function that is non-negative on an interval such that the terms of the series are also non-negative in that interval. Starting with the region below the curve, we define the partition using the graphs of the partial sums of the series. Integrating the function as well as the series termwise results in the area of the whole region along with the areas of the parts. In this case we will say we have found a series partition for a region. When we perform such a series partition and arrive at an interesting series, then we have successfully associated this series with an illustration of it. We now seek a series partition for a region having area π/4. Since Leibniz's series was originally discovered by plugging in x = 1 into the Maclaurin series for arctan x,
it is natural to consider the integral over [0, 1] of the derivative series
If we follow Brouncker and Brun's pairing of terms, the corresponding partial sums are
or, in general,
1 + x 2 . Since these polynomials are positive and increasing with n for each fixed x in the interval (0, 1), the graphs form a series partition of our region, as shown in Figure 3. 
A mapping into the circle
Although we have found a series partition for the desired series, the region involved is certainly not a quarter circle. We now show how we can map the polynomials into the desired region in such a way that areas are preserved.
For each x in [0, 1], we first choose θ = θ(x) so that the area of the sector of the unit circle between 0 and θ is equal to the area below f (x) = (1+x 2 )
Then, for each s n , we seek to determine r n so that for each x and each θ = 2 arctan x, the area bounded by s n and the x-axis in [0, x] is equal to the Differentiating each side of this expression with respect to x, we get
and we find that r n = s n (1 + x 2 ).
Thus, we have shown that
is an area-preserving transformation from the region below (
This transformation produces a new Brun-like partition of the quarter circle by means of
to yield
for n = 1, 2, 3, . . . . We also define B 0 (θ) = 0. This partition is shown in Figure 4 . For instance, the area below
which is the first term of Leibniz's series, as expected. However, this is not the only way to produce an area-preserving transformation. Rather than mapping low values of y to low values of r, we can map y to r in reverse: Namely, map y = 0 onto the circle and y = f (x) to the interior of the circle. This amounts to replacing our original integral expression by
Repeating our calculations, we now get the transformation
which is Brun's original partition for the quarter-circle. Brun concluded his paper by presenting a variation of his partition in which he used tan 2n (θ) to partition an eighth of a circle and reflecting into the next eighth, then continuing around the complete circle so that the final result produced a highly symmetric picture. We will display both his and our new partitions in Figure 5 for comparison. In these pictures, the largest regions each have areas 1 − 1/3, then pairs of the next largest regions have areas 1/5 − 1/7, and so on. 
A parting partition
We conclude by observing that Lord Brouncker's region is also amenable to series partition. We simply consider the Taylor series for 1/x about x = 1, which yields the partition in Figure 6 for ln 2. This partition can be thought of as the smooth version of Lord Brouncker's observation, and we have come full-circle, as it were. 
